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Abstract 

Given H = —&x + V{ x ) with V : R — » K a smooth periodic potential, for 
fi S M\{0} and p > 7, we prove scattering for small solutions to 

id t u + Hu = u\u\ p ^ 1 u, ({,i)elxl, «(0)=« g// 1 (l). 



1. Introduction 

In this paper, for (3 : M + — > R a suitable nonlinearity, we prove scattering of 
small solutions of 

(1.1) id t u + Hu = (3{\u\ 2 )u, (t,x) G R x R, u(Q) = u G H\R) 

where H = —d 2 + V(x) with V(x) a smooth real valued periodic potential. To do 
this we need to write appropriate Strichartz estimates for H. For every 1 < p, q < oo 
we consider the Birman-Solomjak spaces 

(1.2) l p (Z, L q t [n, n + 1]) = {/ e L« oc (R) s.t. {||/|U, [n ,n+i]}n 6 z € P(Z)} , 
endowed with the natural norms 

H/IIS>(z,L«[»,n+iD = H/llLf[«,n+i] V 1 < p < oo and 1 < g < oo 

nGZ 

ll/IL°°(Z,L«[™.™+ 1 ]) = sup ll/IU«[n,n+l]- 
We consider the Sobolev spaces 

(1.3) W k < p (R) = {/ e 5'(R)|(1 - d 2 x ) k/2 f e L p (R)}. 
For p = 2 we set H fc (R) = W^ fc ' 2 (R). Then we prove: 

Theorem 1.1. Assume (3(t) e C 3 (M,IR 3 ) /3(0) = /3'(0) = /3"(0) = and that 
V(x) is a smooth periodic and nonconstant real valued potential. Then there exists 
eq > such that for any initial data uq G i/ 1 (R) with |]uo||jfi(R) < £o problem (1.1) 
is globally well-posed. Moreover there exists C = C(en) > such that it is possible 
to split u(t, x) = ui(t, x) + Ui{t, x) so that for any couple (r,p) that satisfies 

(1.4) 2/r + l/p= 1/2 and (r,p) G [4, oo] x [2,oo], 

l 
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we have 



(1.5) \\Mt,x)\\ t¥ ^ Lr[[nn+i] wlp{B ^ + \\u 2 (t,x)\\ L r { ^ w i, Pm < C||u b/. 



Furthermore, there exist u± £ 7J 1 (IR) ||u±||/ri(R) < C||uo||ifi(R) sucA that 
(1.6) lim ||u(t,a:)-e- itH «±||Hi (R) =0. 

If V"(x) is constant there is a considerable literature on (1.1). A basic tool are 
the Strichartz estimates, sec [1, 3], which follow, for V(t) = e ltd * , from 

(1-7) \\V(t)f\\L~ {m <C\t\--*\\f\\ L1{m . 

For any V(x) not constant (1.7) is not true and by [2] we have instead 

(1-8) ||e itf 7|Uoo (K) < CMax{\t\-K{t)-h\\.f\\L H R)- 

(1.8) requires a new set of Stricharz estimates for e ltH . This is done in the next 
section. In the subsequent section we apply the Stricharz estimates to the nonlinear 
problem. 

In the sequel we shall use the following notations: 

LP = L?(R X ),W^ P = W k ' p (R x ), .ffj = H S (R X ). 

2. Stricharz estimates 

For any r 6 [l,oo] we set r' = ^zj. By standard arguments it is possible to 
prove: 

Lemma 2.1. Let U{t) : L x — > L x be a uniformly bounded group in L x such that 
||W(i)/||z,o= < Ci(i)-3 \\f\\ L i. Then there exists C > such that for every pair 
which satisfies (1.4) we have 

I^)/H,I-(w(K™ + i]^)) * C ^*- 
Moreover there is C > such that for any two pairs (r\,pi) and (r 2 ,P2) that satisfy 
(1.4) we have 

(2.2) 



/ 



U{t - s)F{s)ds 
<C\\F 

Our next step is: 



3 r i (Z.Lfdn.n+ll.L* 1 )) 

£ ( 3''2)'( Zi£ l([ nj „ +1 ] ^2))' 



Lemma 2.2. There exists a projection it : L x — > which commutes with e ltH 
such that the group U(t) = Tre ltH satisfies the hypotheses of Lemma 2.1 and the 
group V(t) = (1 — ir)e ltH satisfies the estimate (1.7). 

Proof. We have e ltH (x, y) — K(t, x, y) 

K{t,x,y)= f e l( - tE ^- {x -y^m a _{x,k)m\{ yi k)dk 
Jb 

with e T mj^(ar, k) the Bloch functions and E(k) the band function, see [2]. By §4 
[2] there are two characteristic functions Xj{k), 3 = 1,2 such that 1 = xi(fc) +xz(k) 
in R and such that, if we set 
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Kj(t,x,y)= [ e^ E ^ x -y^m _(x,k)m + (y,k) Xj (k)dk, 
Jr 

then there is a fixed C > such that \K\{t,x,y)\ < C(t)~3 and \K 2 (t,x,y)\ < 
C|t|~ 5 for all (t,x,y) 6 M 3 . Notice that [2] treats the generic case when all the 
spectral gaps of the spectrum o~(H) of H are nonempty, but the arguments are the 
same in the case a(H) has infinitely many bands with some empty gaps, and much 
easier if <r(H) has finitely many bands. 

3. Proof of theorem 1.1 

The global well posedness in H\ is well know since it follows from standard 
theory. Specifically, following a sequence of arguments in [1] one has: 

(1) if Htiolliji < e < eo with eo sufficiently small, (1.1) admits a solution u(t) G 

(2) the above solution is unique; 

(3) the solution u(t) can be written in the form 

u(t) = e- ltH u + v(t) with v(t) = -i f e-^ t -^ H p(\u(s)\ 2 )u(s)ds. 

Jo 

(4) the above solution is u(t) £ C°(R,^) n C^R,//" 1 ) and the following 
quantities are conserved: 

\Ht)hi = \\uo\\li, 

E(t) = [ (\d x u{t,x)\ 2 - V(x)\u(t,x)\ 2 + 2F(\u{t,x)\ 2 )) dx = E(0) 
Jr 

where F(0) = and duF{\u\ 2 ) = f3(\u\ 2 )u; 

(5) there exists a fixed C > such that < Ce for all ( £ K. 

Hence we need only to prove the scattering part. By Lemma 2.2 inequality (1.5) 
is true for some C — Co for u replaced by e~ ltH u n . It remains to show that (1.5) 
is true with u replaced in the left hand side (1.5) by the v in (3). We will show: 

Lemma 3.1. For tt the projection in Lemma 2.2, let vi(t) = nv(t) and vi(t) = 
(1 — n)v(t). Then, for any D > there are constants eo > and C(D) such that if 

for all pairs satisfying (1.4), and if \\u \\ H i < e < e , then 

^ X ^d^Z,Lr([n,n + l],Wtn) + ^^L^Wf) ^ C(D)e & \\u \\ H i. 

Proof. We have 

ll t,1 H/i'(Z,i ? .([n,n+l],^-')) ~ ll^(l"| 2 )«llii(R,»i) < lll«r«IUi(R,«i) 
^ ll u IUr(^)ll U ll£?(M,.L~) < CUttoll/rillullie^ioo). 

Now we split u = u\ + u 2 setting u\(t) — ire~ ltH uo + v\(t) and u 2 (t) = (1 — 
■n)e~ ltH u + v 2 (t). Correspondingly we get by hypothesis 

(3.2) II u IIl?(R,L~) < \\ u l\\%(Z,L^[n,n+l]),L^)) + II U 2 1| L 6 W i,e < CD 6 1 1 U \ \ %i ■ 
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By a similar argument 

(3-3) \\v2\\ L r wi ., < ||/9(|«| 2 )«||Li(R,ffi) < \\\u\ 6 u\\ Li(W < CD 6 \\u \\ 7 H i. 
This yields Lemma 3.1. 

The proof of (1.6) is standard and goes as follows. 

e ltH u(t) = u - i f e lsH (3{\u{s)\ 2 )u{s)ds 
Jo 

and so for t\ < t 2 

e lt2H u(t 2 ) - e^^uih) = -i f 2 e lsH I3{\u{s)\ 2 )u{s)ds. 

Jti 

Then by the proof of Lemma 3.1 



V t2H <h) - e^ H u( tl )\\ H i < || [ 2 e- H p{\u{s)\ 2 )u{s)d S \\ Hl 
(3.4) J tl 

< ||/3(|«| 2 )«|Ui([ tl ,t 2 ],iji) -> for ti -> oo and t x < t 2 . 

Then u + = lim^oo e ltH u(t) satisfies the desired properties. One proves the exis- 
tence of u_ = limt^-oo e ltH u(t) similarly. 
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